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OPERATOR THEORY ON SYMMETRIZED BIDISC
JAYDEB SARKAR
Abstract. A commuting pair of operators (S, P ) on a Hilbert space H is said to be a
Γ-contraction if the symmetrized bidisc
Γ = {(z1 + z2, z1z2) : |z1|, |z2| ≤ 1}
is a spectral set of the tuple (S, P ). In this paper we develop some operator theory inspired
by Agler and Young’s results on a model theory for Γ-contractions.
We prove a Beurling-Lax-Halmos type theorem for Γ-isometries. Along the way we solve
a problem in the classical one-variable operator theory, namely, a non-zero Mz-invariant
subspace S of H2E∗(D) is invariant under the analytic Toeplitz operator with the operator-
valued polynomial symbol p(z) = A + A∗z if and only if the Beurling-Lax-Halmos inner
multiplier Θ of S satisfies
(A+A∗z)Θ = Θ(B +B∗z),
for some unique operator B.
We use a ”pull back” technique to prove that a completely non-unitary Γ-contraction (S, P )
can be dilated to a pair
(((A +A∗Mz)⊕ U), (Mz ⊕Meit)),
which is the direct sum of a Γ-isometry and a Γ-unitary on the Sz.-Nagy and Foias functional
model of P , and that (S, P ) can be realized as a compression of the above pair in the functional
model QP of P as
(PQP ((A +A
∗Mz)⊕ U)|QP ,PQP (Mz ⊕Meit)|QP ).
Moreover, we show that this representation is unique. We prove that a commuting tuple
(S, P ) with ‖S‖ ≤ 2 and ‖P‖ ≤ 1 is a Γ-contraction if and only if there exists a compressed
scalar operator X with the decompressed numerical radius not greater than one such that
S = X + PX∗.
In the commutant lifting set up, we obtain a unique and explicit solution to the lifting of S
where (S, P ) is a completely non-unitary Γ-contraction. Our results concerning the Beurling-
Lax-Halmos theorem of Γ-isometries and the functional model of Γ-contractions answers a
pair of questions of J. Agler and N. J. Young.
1. Introduction
The notion of spectral set was introduced by J. von Neumann in [20] where he proved that
the closed unit disk D, where D = {z ∈ C : |z| < 1}, is a spectral set of a bounded linear
operator on a Hilbert space if and only if the operator is a contraction. Later in [17], Sz.-
Nagy proved that a bounded linear operator is a contraction if and only if the operator has
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a unitary dilation. Therefore von Neumann’s result can be derived from Sz.-Nagy’s unitary
dilation. Since then, one of the most celebrated problems in operator theory is to determine
the class of commuting n-tuple of operators for which a normal ∂K-dilation exists, where
K ⊆ Cn is compact and n ≥ 1. We recall that a commuting tuple (T1, . . . , Tn) on H has a
normal ∂K-dilation if there exists a tuple of commuting normal operators (N1, . . . , Nn) on
K ⊇ H such that σT (N1, . . . , Nn) ⊆ ∂K and
PHp(N1, . . . , Nn)|H = p(T1, . . . , Tn),
for all p ∈ C[z1, . . . , zn]. Here PH is the orthogonal projection of K onto H. Many studies in
this problem have been carried so far. In particular, it is known that the normal ∂K-dilation
holds if K is the closure of an annulus [2] and fails when K is a triply connected domain in
C [14]. The theory becomes more subtle when the spectral set is assumed to be a subset of
Cn (n > 1).
On the other hand, it is well known that for n ≥ 2, the von Neumann’s inequality fails in
general with the exception that a pair of commuting contractions can be dilated to a pair
of commuting unitary operators [9]. One versions of von Neumann’s inequality for domains
like ball and general symmetric domains require to replace the sup norm of the polynomials
by operator norm of certain natural multiplier algebras. Now, we define the notion of Γ-
contractions.
A pair of commuting operators (S, P ) on a Hilbert space H is said to be a Γ-contraction if
the symmetrized bidisc
Γ = {(z1 + z2, z +1 z2) : |z1|, |z2| ≤ 1}.
is a spectral set of (S, P ). That is, for all polynomial p ∈ C[z1, z2],
‖p(S, P )‖ ≤ sup
z∈Γ
|p(z)|.
In particular, if (S, P ) is a Γ-contraction then ‖S‖ ≤ 2 and ‖P‖ ≤ 1. Note also that the
symmetrized bidisc Γ is the range of pi restricted to the closed bidisc D¯2 where pi : C2 → C2
is the proper holomorphic map defined by
pi(z1, z2) = (z1 + z2, z1z2),
for all (z1, z2) ∈ C
2.
There is a significant difference between Γ and other bounded symmetric domains consid-
ered earlier by many researches in the development of analytic model theory (cf. [10]). For
instance, Γ is polynomially convex [4] but non-convex and inhomogeneous. This in turns
makes the theory of Γ-contraction more appealing and useful in the study of the classical and
several variables operator theory.
In [7], Agler and Young developed a Γ-isometric dilation theory for Γ-contractions. In this
paper, we develop an explicit Γ-isometric dilation and functional model of Γ-contractions.
Furthermore, we provide a characterization of Γ-contractions which is compatible with the
geometry of the domain Γ. Moreover, we obtain a characterization of invariant subspaces of
Γ-isometries.
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Our results improve, generalize and unify some recent known results ([11], [12]) and answer
positively a pair of problems mentioned by Agler and Young (page 58, [7]).
Finally, it is worth mentioning that our classification results (cf. Theorems 6.2 and 6.3)
imply that we must confine ourselves to the class of contractions and compressed scalar
operators (see Section 6) in order to have a concrete realization of operator tuples with
Ω ⊆ Cn as a spectral set, where Ω is the symmetrized polydisc or a higher dimensional
domain related to the symmetrized bidisc (cf. [1]).
The organization of the paper is as follows.
In Section 2, we recall some basic definitions and results in the theory of Γ-contractions.
In Section 3, we provide some basic classification results of pure Γ-isometries. We obtain
a Beurling-Lax-Halmos type theorem characterizing joint invariant subspaces of a pure Γ-
isometry.
In Section 4, we prove a factorization result concerning isometric dilation of a completely
non-unitary contraction. Moreover, we use a ”pull back” argument to the factorization and
obtain a functional model for completely non-unitary Γ-contractions.
In Section 5, we show that the functional model of a completely non unitary Γ-contraction
is unique.
In Section 6, we proceed to a new characterization of Γ-contractions.
In Section 7, we conclude with a number of results and remarks concerning Γ-isometric
Hardy modules, isometrically isomorphic submodules of Γ-isometric Hardy modules and a
solution to the commutant lifting problem.
In this paper, all Hilbert spaces are assumed to be separable and over the field of complex
numbers.
2. Preliminaries
In this section, we will gather together some of the necessary definitions and results on Γ-
contractions which we will employ later in the paper. For more details about Γ-contractions,
we refer readers to the seminal work of Agler and Young [3]-[8] (also see [11], [12]).
In what follows, we shall denote a pair of commuting operators by (S, P ), for “sum” and
“product”. However, it is far from true that a Γ-contraction is necessarily a sum and product
of a pair of commuting contractions.
Let (S, P ) be a pair of commuting operators on a Hilbert space H. Then (S, P ) is said to
be
(i) Γ-unitary if S and P are normal operators and the joint spectrum σ(S, P ) is contained
in the distinguished boundary of Γ.
(ii) Γ-isometry if (S, P ) has a Γ-unitary extension.
(iii) Γ-co-isometry if (S∗, P ∗) is a Γ-isometry.
The following theorem is due to Agler and Young [7].
Theorem 2.1. (Agler and Young) Let (S, P ) be a pair of commuting operators on a Hilbert
space H. Then the following statements are equivalent:
(i) (S, P ) is a Γ-unitary.
(ii) P is unitary and S = S∗P and ‖S‖ ≤ 2.
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(iii) There exists commuting unitary operators U1, U2 on H such that
S = U1 + U2, P = U1U2.
Note that for a Γ-isometry (S, P ) on H we have
S = S˜|H and P = P˜ |H,
where (S˜, P˜ ) is a Γ-unitary on a Hilbert space K ⊇ H. Consequently, a necessary condition
for a pair of commuting operators (S, P ) to be a Γ-isometry is that P is an isometry. A
Γ-isometry (S, P ) is said to be pure Γ-isometry if P is a pure isometry, that is, P does not
have any unitary part. The following characterization result play an important role in the
sequel.
Theorem 2.2. (Agler and Young) Let S, P be commuting operators on a Hilbert space H.
Then (S, P ) is a pure Γ-isometry if and only if there exists a Hilbert space E , a unitary
operator U : H → H2E(D) and A ∈ B(E) such that w(A) ≤ 1 and
S = U∗MϕU, P = U
∗MzU,
where
ϕ(z) = A + A∗z, z ∈ D.
Here w(A) is the numerical radius of the operator A ∈ B(E), that is,
w(A) = sup{|〈Ah, h〉| : h ∈ E , ‖h‖ ≤ 1}.
A contraction P on H is said to be completely non-unitary (or c.n.u.) if there is no non-zero
P -reducing subspace Hu ⊆ H such that T |Hu is unitary. It is known that a contraction P
on H can be uniquely decomposed as P = P |Hn ⊕ P |Hu where Hn and Hu are P -reducing
subspaces of H and P |Hn is a c.n.u. contraction and P |Hu is a unitary contraction. Moreover,
let (S, P ) be a Γ-contraction for some operator S on H. Then Hn and Hu are S-reducing too
and (S|Hu, P |Hu) is a Γ-unitary and (S|Hn, P |Hn) is a Γ-contraction (Theorem 2.8 in [7]). By
virtue of this result, a Γ-contraction (S, P ) is said to be c.n.u. if the contraction P is c.n.u.
Let P ∈ B(H) be a contraction and V ∈ B(K) be an isometry. If V is an isometric dilation
of P , then there exists an isometry Π : H → K such that
ΠP ∗ = V ∗Π.
Conversely, if an isometry Π : H → K intertwine P ∗ and V ∗, then that V is an isometric
dilation of P . In the sequel, we shall identify an isometric dilation of a contraction P by
either the dilation map V on the dilation space K or by the isometry Π intertwining P ∗ and
V ∗. In either case, we call it an isometric dilation of the contraction P . Moreover, if the
isometric dilation is minimal, that is, if
K = span{V m(ΠH) : m ∈ N},
then we say that Π is a minimal isometric dilation of P
We need to recall two dilation results. The Γ-isometric dilation of Γ-contractions is due to
Agler and Young [7], while the isometric dilation of c.n.u. contractions is due to Sz.-Nagy
[17] and Sz.-Nagy and Foias [19].
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Theorem 2.3. (Agler and Young) Let (S, P ) be a Γ-contraction on a Hilbert space H. Then
there exists a Hilbert space K containing H, a Γ-co-isometry (S˜, P˜ ) on K and an orthogonal
decomposition K1 ⊕K2 of K such that:
(i) K1 and K2 are joint invariant subspaces of S˜ and P˜ , and S = S˜|H, P = P˜ |H;
(ii) K1 and K2 reduce both S˜ and P˜ ; and
(iii) (S˜|K1, P˜ |K1) is a pure Γ-isometry and (S˜|K2, P˜ |K2) is a Γ-unitary.
Theorem 2.4. (Sz.-Nagy) Let P be a c.n.u. contraction on a Hilbert space H. Then there
exists a Hilbert space K containing H, an isometry V on K and an orthogonal decomposition
K = K1 ⊕K2 of K such that:
(i) K1 and K2 are invariant subspaces of V and P = V |H;
(ii) K1 and K2 are reducing subspaces of V ;
(iii) V |K1 is a pure isometry and V |K2 is a unitary; and
(iv) the dilation V on K is unique (up to unitary equivalence) when it is assumed to be
minimal.
We like to point out the absence of the minimality property of the Γ-isometry in Theorem
2.3.
We still need to develop few more definitions and notations. Let P be a contraction on a
Hilbert space H. Then the defect operators of P are defined by
DP = (IH − P
∗P )
1
2 ∈ B(H) and DP ∗ = (IH − PP
∗)
1
2 ∈ B(H),
and the defect spaces by
DP = ranDP and DP ∗ = ranDP ∗ .
The characteristic function ΘP ∈ H
∞
B(DP ,DP∗)
(D) is defined by
ΘP (z) = [−P + zDP ∗(IH − zP
∗)−1DP ]|DP , (z ∈ D)
which yields the multiplication operator MΘP ∈ B(H
2
DP
(D), H2DP∗ (D)) defined by
(MΘP f)(z) = ΘP (z)f(z),
for all f ∈ H2DP (D) and z ∈ D. Note that
MΘP (Mz ⊗ IDP ) = (Mz ⊗ IDP∗ )MΘP .
Define
∆P (t) = [IDP −ΘP (e
it)∗ΘP (e
it)]
1
2 , (t ∈ [0, 1])
on L2DP (T) and
HP = H
2
DP∗
(D)⊕∆PL2DP (T),
and the subspace
SP = {MΘP f ⊕∆Pf : f ∈ H
2
DP
(D)} ⊆ HP .
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Notice that Mz ⊕Meit |∆PL2DP (T)
on HP is an isometry where Mz on H
2
DP∗
(D) is the pure part
and Meit |∆PL2DP (T)
on ∆PL
2
DP
(T) is the unitary part in the sense of the Wold decomposition
of isometries. Moreover, SP is invariant under Mz ⊕Meit |∆PL2DP (T)
. Define the quotient space
QP = HP ⊖ SP .
Let S be a closed subspace of a Hilbert space H. We shall denote the orthogonal projection
from H onto S by PS .
Theorem 2.5. (Sz.-Nagy and Foias) Let P be a c.n.u. contraction on a Hilbert space H. Then
(i) P is unitarily equivalent to PQP [Mz ⊕Meit |∆PL2DP (T)
]|QP .
(ii) The minimal isometric dilation of P can be identified with Mz ⊕Meit |∆PL2DP (T)
on HP .
In the sequel, by virtue of the unitary U : H2E(D)→ H
2(D)⊗ E defined by
zmη 7→ zm ⊗ η, (η ∈ E , m ∈ N)
we shall often identify the vector valued Hardy space H2E(D) with H
2(D)⊗ E .
3. Beurling-Lax-Halmos Representations of Γ-isometries
This section will focus on a characterization of joint invariant subspaces of pure Γ-isometries.
It is well known that the only invariant of pure unweighted unilateral shift operators is the
multiplicity. That is, Mz on H
2
E(D) andMz on H
2
F(D) are unitarily equivalent if and only if E
and F are isomorphic Hilbert spaces. We begin with a characterization of pure Γ-isometries
in terms of the symbols associated with them.
Theorem 3.1. Let A ∈ B(E) and B ∈ B(F). Then (MA+A∗z,Mz) onH
2
E(D) and (MB+B∗z,Mz)
on H2F(D) are unitarily equivalent if and only if A and B are unitarily equivalent.
Proof. Let U : E → F be a unitary operator such that UA = BU . Then the unitary operator
U˜ = IH2(D) ⊗ U : H
2(D)⊗ E → H2(D)⊗F ,
intertwine the corresponding multiplication operators. Moreover,
U˜(IH2(D) ⊗ A+Mz ⊗ A
∗) = (IH2(D) ⊗B +Mz ⊗B
∗)U˜ .
This proves the sufficiency part.
Conversely, let U˜ : H2(D)⊗ E → H2(D)⊗F be a unitary operator and
U˜(IH2(D) ⊗ A+Mz ⊗ A
∗) = (IH2(D) ⊗B +Mz ⊗B
∗)U˜ ,
and
U˜(Mz ⊗ IE) = (Mz ⊗ IF)U˜ .
From the last equality it follows that U˜ = IH2(D) ⊗ U for some unitary operator U : E → F .
Then
IH2(D) ⊗ UAU
∗ +Mz ⊗ UA
∗U∗ = IH2(D) ⊗ B +Mz ⊗ B
∗
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implies that UAU∗ = B, and this completes the proof.
The following corollary is a simple but instructive characterization of pure Γ-isometries.
Corollary 3.2. Let (Si, Pi) be a pair of pure Γ-isometries on H
2
Ei
(D) where i = 1, 2. Then
(S1, P1) and (S2, P2) are unitarily equivalent if and only if
(S∗1 − S1P
∗
1 )
∼= (S∗2 − S2P
∗
2 ).
Proof. Let
(S, P ) = (IH2(D) ⊗ A+Mz ⊗A
∗,Mz ⊗ IE),
be a pure Γ-isometry on H2E(D). Then
S∗ − SP ∗ = (IH2(D) ⊗ A+Mz ⊗ A
∗)∗ − (IH2(D) ⊗ A+Mz ⊗A
∗)(Mz ⊗ IE)
∗
= IH2(D) ⊗ A
∗ +M∗z ⊗A−M
∗
z ⊗A− ((IH2(D) − PC)⊗A
∗)
= PC ⊗A
∗,
where PC is the orthogonal projection from H
2(D) onto the space of constant functions in
H2(D). Consequently, by the previous theorem S∗1 − S1P
∗
1 and S
∗
2 − S2P
∗
2 are unitarily
equivalent if and only if (S1, P1) and (S2, P2) are unitarily equivalent. This completes the
proof.
A closed subspace S 6= {0} ofH2E∗(D) is said to be (A+A
∗Mz ,Mz)-invariant if S is invariant
under both A+ A∗Mz and Mz.
Let S 6= {0} be a closed subspace of H2E∗(D). By virtue of the Beurling-Lax-Halmos
theorem S is Mz-invariant if and only if there exists a Hilbert space E and an inner function
Θ ∈ H∞
B(E,E∗)
(D) such that
S =MΘH
2
E(D).
Moreover, the pair {E ,Θ} is unique in an appropriate sense (cf. see [19]).
Let S be a non-zero (A+A∗Mz ,Mz)-invariant subspace of H
2
E∗
(D). Then in particular, by
the Beurling-Lax-Halmos theorem
S =MΘH
2
E(D),
for some Hilbert space E and inner multiplier Θ. The next theorem will show that S is
(A + A∗Mz,Mz)-invariant if and only MΘ intertwine A + A
∗Mz and B + B
∗Mz for some
unique B ∈ B(E) with w(B) ≤ 1.
Before we proceed with the formal statement and the proof let us remark that the classifi-
cation result answers a question left open by Agler and Young in [7]. The proof is remarkably
simple (a straightforward application of Theorem 2.2) and may be of independent interest.
However, the intuitive idea behind this “guess” is that, (A+A∗Mz ,Mz) turns H
2
E∗
(D) into a
natural Hilbert module over C[z1, z2] (see Section 7).
Theorem 3.3. Let S 6= {0} be a closed subspace of H2E∗(D) and A ∈ B(E∗) with w(A) ≤ 1.
Then S is a (MA+A∗z,Mz)-invariant subspace if and only if
(A + A∗Mz)MΘ =MΘ(B +B
∗Mz),
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for some operator B ∈ B(E) with w(B) ≤ 1, where S =MΘH
2
E(D) is the Beurling-Lax-Halmos
representation of S. Moreover, when such an operator B exists it is unique (up to unitary
equivalence).
Proof. Let S 6= {0} be a (MA+A∗z,Mz)-invariant subspace and
S =MΘH
2
E(D),
be the Beurling-Lax-Halmos representation of S where Θ ∈ H∞
B(E,E∗)
(D) is an inner multiplier
and E is an auxiliary Hilbert space. Also
(A+ A∗Mz)(MΘH
2
E(D)) ⊆ MΘH
2
E(D),
implies that
(A+ A∗Mz)MΘ =MΘMΨ,
for some unique Ψ ∈ H∞
B(E)(D). Therefore,
M∗Θ(A+ A
∗Mz)MΘ =MΨ.
Multiplying both sides by M∗z we have
M∗zM
∗
Θ(A+ A
∗Mz)MΘ =M
∗
zMΨ.
Then
M∗Θ(AM
∗
z + A
∗)MΘ =M
∗
zMΨ.
Consequently, M∗zMΨ =M
∗
Ψ, or equivalently, MΨ =M
∗
ΨMz . Since ‖MΨ‖ ≤ 2, that (MΨ,Mz)
is a Γ-isometry, and hence by Theorem 2.2, it follows that
MΨ = B +B
∗Mz ,
for some B ∈ B(E) and w(B) ≤ 1, and uniqueness of B follows from that of Ψ.
The converse part is trivial, and the proof is complete.
To complete this section we will present the following variant of our Beurling-Lax-Halmos
theorem for Γ-isometries.
Theorem 3.4. Let Θ ∈ H∞
B(E,E∗)
(D) be an inner function and A ∈ B(E∗). Then S =
MΘH
2
E(D) ⊆ H
2
E∗
(D) is invariant under the Toeplitz operator with analytic polynomial symbol
A+ A∗z if and only if there exists an operator B ∈ B(E) such that
(A + A∗z)Θ(z) = Θ(z)(B +B∗z). (z ∈ D)
Moreover, when such an operator B exists it is unique (up to unitary equivalence).
We like to point out that the above result is an application of the theory of Γ-contractions to
the classical one-variable operator theory. Moreover, our result suggests a tentative connection
between the theory of spectral sets and invariant subspaces of Toeplitz operator with analytic
polynomial symbol. We will discuss some of these extensions at the end of this paper.
OPERATOR THEORY ON SYMMETRIZED BIDISC 9
4. Representation of Γ-contractions
In this section we will show that a c.n.u. Γ-contraction can be realized as a compression of a
Γ-isometry in the Sz.-Nagy and Foias model space QP of the c.n.u. contraction P . Moreover,
we show that the representation of S in QP is given by a direct sum of a Γ-isometry and
a Γ-unitary. Our method involves a ”pull-back” technique of the Agler-Young’s isometric
dilation to the Sz.-Nagy and Foias minimal isometric dilation.
First note that if (S, P ) is a Γ-contraction, then (S∗, P ∗) is also a Γ-contraction, which is
equivalent to saying that (S∗, P ∗) has a Γ-isometric dilation. More precisely, let (S, P ) be a
Γ-contraction on a Hilbert space H. Then there exists Hilbert spaces K1 and K2 and a pure
Γ-isometry (S˜i, P˜i) on K1 and a Γ-unitary (S˜u, P˜u) on K2 and a isometry (see Theorem 2.3 or
Theorem 3.2 in [7])
ΠAY : H → K1 ⊕K2,
such that
ΠAY S
∗ = (S˜i ⊕ S˜u)
∗ΠAY and ΠAY P
∗ = (P˜i ⊕ P˜u)
∗ΠAY .
On the other hand, by Theorem 2.5, we have the Sz.-Nagy and Foias isometric dilation
ΠNF : H → HP ,
of the c.n.u. contraction P on H with
ΠNFP
∗ = (Mz ⊕Meit |∆PL2DP (T)
)∗ΠNF .
Moreover, this dilation is minimal and hence unique.
The following factorization theorem provides a connection between the minimal isometric
dilation to any other isometric dilation of a given contraction.
Theorem 4.1. (Factorization of Dilations) Let P be a c.n.u. contraction on a Hilbert space
H. Let V on K be an isometric dilation of P corresponding to an isometry Π : H → K. Then
there exists a unique isometry Φ ∈ B(HP ,K) such that
Π = ΦΠNF ,
and
Φ(Mz ⊕Meit |∆PL2DP (T)
)∗ = V ∗Φ.
Moreover, let K = H2E(D) ⊕ Ku and V = Mz ⊕ U be the Wold decomposition of V for some
unitary U ∈ B(Ku). Then
Φ = (IH2(D) ⊗ V1)⊕ V2,
for some isometries V1 ∈ B(DP ∗ , E) and V2 ∈ B(∆PL2DP (T),Ku).
Proof. Since ΠNF : H → HP is the minimal isometric dilation of P we have
HP =
∞∨
m=0
(Mz ⊕Meit |∆PL2DP (T)
)m(ΠNFH)
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Furthermore, the V -reducing subspace
Km :=
∞∨
m=0
V m(ΠH) ⊆ K,
is the minimal isometric dilation space of P and hence there exists an isometry
Φ : Hp → Km ⊕Kr,
defined by
(4.1) Φ(Mz ⊕Meit |∆PL2DP (T)
)m(ΠNFh) = V
m(Πh),
for all h ∈ H and m ∈ N, where Kr = K ⊖Km. Since
Φ(Mz ⊕Meit |∆PL2DP (T)
)∗(Mz ⊕Meit |∆PL2DP (T)
)mΠNF
= Φ(Mz ⊕Meit |∆PL2DP (T)
)m−1ΠNF = V
m−1Π = V ∗(V mΠ)
= V ∗Φ(Mz ⊕Meit |∆PL2DP (T)
)mΠNF ,
for all m ≥ 1 and
Φ(Mz ⊕Meit |∆PL2DP (T)
)∗ΠNF = ΦΠNFP
∗ = ΠP ∗ = V ∗Π,
it follows that
Φ(Mz ⊕Meit |∆PL2DP (T)
)∗ = V ∗Φ.
To prove the last part, let K = H2E(D) ⊕ Ku and V = Mz ⊕ U for some unitary U ∈ B(Ku).
Let
Φ =
[
X1 X2
X3 X4
]
: HP = H
2
DP∗
(D)⊕∆PL2DP (T)→ K = H
2
E(D)⊕Ku.
Then by the intertwining property of Φ with the conjugates of the multiplication operators
we have that
X1M
∗
z =M
∗
zX1, X4M
∗
eit |∆PL2DP (T)
= U∗X4,
and
X2M
∗
eit |∆PL2DP (T)
=M∗zX2, X3M
∗
z = U
∗X3.
Since both X∗2 and X
∗
3 intertwine a unitary and a pure isometry, it follows that (cf. Lemma
2.5 in [7])
X2 = 0 and X3 = 0.
Therefore
Φ =
[
X1 0
0 V2
]
,
where X4 = V2. Finally, since
ranΦ = ranX1 ⊕ ranV2 ⊆ H
2
E(D)⊕Ku,
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is a (Mz ⊕ U)-reducing subspace of K and ranX1 ⊆ H
2
E(D), it follows that ranX1 is a Mz-
reducing subspace of H2E(D). Consequently,
X1 = IH2(D) ⊗ V1,
for some isometry V1 ∈ B(DP ∗ , E).
Uniqueness of Φ follows from the equality (4.1). This completes the proof.
The above factorization result can be summarized in the following commutative diagram:
H
Π
K
HP
❄ 
 
 
 
 ✒
✲
ΠNF
Φ
where Φ is a unique isometry which intertwines the adjoints of the multiplication operators.
Related results along this line can be found in the context of the commutant lifting theorem
of contractions (cf. page 134 in [15] and page 133 in [16]). However, the minimal isometric
dilation space in this consideration is the Schaffer’s dilation space.
Before we proceed further let us recall the Putnam’s Corollary [21]: If A and B are normal
operators on Hilbert spaces H and K respectively and if C is a bounded linear operator from
H to K such that CA = BC, then CA∗ = B∗C.
The main result of this section is the following theorem concerning an analytic model of a
c.n.u. Γ-contraction.
Theorem 4.2. Let (S, P ) be a c.n.u. Γ-contraction on a Hilbert space H. Then
(NF-AY) S ∼= PQP ((A+ A
∗Mz)⊕ U)|QP ,
where A ∈ B(DP ∗) with w(A) ≤ 1 and U is in B(∆PL
2
DP
(T)) such that
(U,Meit |∆PL2DP (T)
),
is a Γ-unitary.
Proof. Let
ΠNF : H → HP = H
2
DP∗
(D)⊕∆PL
2
DP
(T),
be the Sz.-Nagy and Foias minimal isometric dilation of the c.n.u. contraction P as in
Theorem 2.5 and
ΠAY : H → K1 ⊕K2,
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be the Agler-Young’s Γ-isometric dilation of the c.n.u. Γ-contraction (S, P ) as in Theorem
2.3, where K1 = H
2
E(D) is the pure part and K2 is the unitary part. By Theorem 4.1, we have
the following commutative diagram
H
ΠAY
K1 ⊕K2
HP
❄ 
 
 
 
 ✒
✲
ΠNF
V˜
where V˜ is an isometry of the form
V˜ = (IH2(D) ⊗ Vˆ1)⊕ Vˆ2,
for some isometries Vˆ1 ∈ B(DP ∗ , E) and Vˆ2 ∈ B(∆PL
2
DP
(T),K2). Moreover,
(4.2) Vˆ2M
∗
eit |∆PL2DP (T)
= P˜ ∗u Vˆ2.
Then
ΠAY = ((IH2(D) ⊗ Vˆ1)⊕ Vˆ2)ΠNF .
Since
ΠAY P
∗ = (P˜i ⊕ P˜u)
∗ΠAY = ((Mz ⊗ IE)⊕ P˜u)
∗ΠAY ,
and
ΠAY S
∗ = (S˜i ⊕ S˜u)
∗ΠAY = ((IH2(D) ⊗A +Mz ⊗A
∗)⊕ S˜u)
∗ΠAY ,
we have
(4.3) P ∗ = Π∗NF ((Mz ⊗ IE)⊕ Vˆ2
∗
P˜uVˆ2)
∗ΠNF ,
and
(4.4) S∗ = Π∗NF ((IE ⊗ Vˆ1
∗
AVˆ1 +Mz ⊗ Vˆ1
∗
A∗Vˆ1)⊕ Vˆ2
∗
S˜uVˆ2)
∗ΠNF .
By (4.2) and Putnam’s Corollary, we have
Vˆ2Meit |∆PL2DP (T)
= P˜uVˆ2.
In particular, ranVˆ2 is a P˜u-reducing subspace, and
Vˆ ∗2 P˜uVˆ2 =Meit |∆PL2DP (T)
∈ B(∆PL2DP (T)).
Consequently,
ΠNFP
∗Π∗NF = PQP ((Mz ⊗ IDP∗ )⊕ Vˆ2
∗
P˜uVˆ2)
∗|QP
= PQP ((Mz ⊗ IDP∗ )⊕Meit |∆PL2DP (T)
)∗|QP ,
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and
ΠNFS
∗Π∗NF = PQP ((IDP∗ ⊗ Vˆ1
∗
AVˆ1 +Mz ⊗ Vˆ1
∗
A∗Vˆ1)⊕ Vˆ2
∗
S˜uVˆ2)
∗|QP .
Therefore,
S∗ ∼= PQP ((A˜+ A˜
∗Mz)⊕ U˜)|QP ,
where A˜ = Vˆ1
∗
AVˆ1 and U˜ = Vˆ2
∗
S˜uVˆ2. Since w(A) ≤ 1 we have that w(A˜) ≤ 1.
It remains to prove that
(U˜ , Vˆ2
∗
P˜uVˆ2) = (U˜ ,Meit |∆PL2DP (T)
)
is a Γ-unitary. Since (S˜u, P˜u) is a Γ-unitary, we conclude that
S˜u = S˜u
∗
P˜u.
Using the fact that the range of Vˆ2 is P˜u-reducing, it follows that
S˜uVˆ2 = S˜u
∗
P˜uVˆ2 = (S˜u
∗
Vˆ2)(Vˆ2
∗
P˜uVˆ2).
Hence
Vˆ2
∗
S˜uVˆ2 = (Vˆ2
∗
S˜uVˆ2)
∗(Vˆ2
∗
P˜uVˆ2),
which implies that
(Vˆ2
∗
S˜uVˆ2, Vˆ2
∗
P˜uVˆ2) = (U˜ , Vˆ2
∗
P˜uVˆ2) = (U˜ ,Meit |∆PL2DP (T)
)
is a Γ-unitary. This finishes the proof of the theorem.
The following result shows that the representation of S − PS∗ in the Sz.-Nagy and Foias
quotient space QP is the compression of the scalar operator A on QP .
Corollary 4.3. With notations as in Theorem 4.2, representation of the operator S∗−SP ∗
in QP is given by
S∗ − SP ∗ ∼= PQP (PC ⊗ A
∗)|QP .
Proof. Since
[PQP ((A+ A
∗Mz)⊕ U)|QP ]
∗ − [PQP ((A+ A
∗Mz)⊕ U)|QP ]PQP ([Mz ⊕Meit)|QP ]
∗
=PQP [((A
∗ + AM∗z )⊕ U
∗)− ((A+ A∗Mz)⊕ U)(M
∗
z ⊕M
∗
eit)]QP
=PQP (PC ⊗ A
∗)|QP ,
we have
S∗ − SP ∗ ∼= PQP (PC ⊗ A
∗)|QP .
This completes the proof.
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5. Unique representation of Γ-contractions
In this section we will discuss the uniqueness of the Γ-isometry and the Γ-unitary part in
the representation (NF-AY) of a c.n.u. Γ-contraction.
We begin by recalling one way to construct the minimal isometric dilation of a c.n.u.
contraction. More details can be found, for instance, in the monograph by Foias and Frazho
(Page 137 in [15]). Let P ∈ B(H) be a c.n.u. contraction. Then
X˜P := SOT − lim
m→∞
PmP ∗m,
is a positive operator on H. Let XP be the positive square root of X˜P . Then
‖XPh‖
2 = lim
m→∞
‖P ∗mh‖2,
and
‖XPh‖ = ‖XPP
∗h‖,
for all h ∈ H. Consequently, there exists an isometry V1 ∈ B(XPH) such that
V1XP = XPP
∗.
Let V2 on Ku be the minimal unitary extension of V1 so that
V2XP = XPP
∗.
Define Π : H → H2DP∗(D)⊕Ku by
Πh = DP ∗(I − zP
∗)−1h⊕XPh,
for all h ∈ H. Then Π is an isometry and
ΠP ∗ = (M∗z ⊕ U
∗)Π,
where U = V ∗2 . Moreover, Π is minimal and
Π∗((Sw ⊗ η)⊕ 0) = (I − w¯P )
−1DP ∗η,
for all η ∈ DP ∗ , where S is the Szego¨ kernel on the open unit disk defined by
Sw(z) = (1− zw¯)
−1,
for all z, w ∈ D.
In the proof of the following theorem, we shall identify (by virtue of Theorem 4.1 where Φ
is a unitary) the minimal isometric dilation ΠNF with the one described above.
Theorem 5.1. Let P be a c.n.u. contraction on a Hilbert space H and A ∈ B(DP ∗). Then
DP ∗ADP ∗ ∼= PQP (PC ⊗A)|QP .
Proof. Let ev0 : (H
2(D)⊗DP ∗)⊕∆PL2DP (T)→ DP ∗ be the evaluation operator defined by
ev0(f ⊕ g) = f(0),
for all f ⊕ g ∈ (H2(D)⊗DP ∗)⊕∆PL2DP (T). Then
ev0ΠNFh = (DP ∗(I − zP
∗)−1h)(0) = DP ∗h,
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for all h ∈ H. From this we readily obtain
ev0ΠNF = DP ∗ .
Moreover,
Π∗NF (PC ⊗ A)η = Π
∗
NF (1⊗ Aη) = Π
∗
NF ((S0 ⊗Aη)⊕ 0) = DP ∗Aη,
for all η ∈ DP ∗ . Thus,
Π∗NF (PC ⊗ A) = DP ∗Aev0.
Consequently,
Π∗NF (PC ⊗ A)ΠNF = DP ∗Aev0ΠNF = DP ∗ADP ∗ .
Then the result follows from the fact that
ΠNFΠ
∗
NF (PC ⊗ A)ΠNFΠ
∗
NF = ΠNF (DP ∗ADP ∗)Π
∗
NF .
The following corollary is immediate.
Corollary 5.2. Let P be a c.n.u. contraction and A ∈ B(DP ∗). Then A = 0 if and only if
PQP (PC ⊗ A)|QP = 0.
Now we are ready to prove the uniqueness of the Γ-isometric part in (NF-AY).
Theorem 5.3. Let (S, P ) be a c.n.u. Γ-contraction on a Hilbert space H. Then the operator
A ∈ B(DP ∗) in the representation (NF-AY) is unique. That is, if
S ∼= PQP ((A˜+ A˜
∗Mz)⊕ U˜)|QP ,
where (U˜ ,Meit |∆PL2DP (T)
) is a Γ-unitary and A˜ ∈ B(DP ∗), w(A˜) ≤ 1 and U˜ ∈ B(∆PL2DP (T)),
then A = A˜.
Proof. Let
PQP ((A + A
∗Mz)⊕ U)|QP = PQP ((A˜+ A˜
∗Mz)⊕ U˜)|QP
where (U˜ ,Meit |∆PL2DP (T)
) is a Γ-unitary and A˜ ∈ B(DP ∗), w(A˜) ≤ 1 and U˜ ∈ B(∆PL2DP (T)).
By Corollary 4.3, we have
PQP (PC ⊗ A)|QP = PQP (PC ⊗ A˜)|QP .
This and Corollary 5.2 implies that
A = A˜.
This completes the proof.
The following result plays an important role in the proof of the uniqueness of U˜ in (NF-AY).
Proposition 5.4. Let X be a bounded linear operator on ∆PL2DP (T) where XMeit |∆PL2DP (T)
=
Meit |∆PL2DP (T)
X and X|QP = 0. Then X = 0.
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Proof. Let X|QP = 0. Then
ranX∗ = ran(0⊕X∗) ⊆ Q⊥P = span{ΘPf ⊕∆Pf : f ∈ H
2
DP
(D)}.
If ∆Pf ∈ ranX
∗ for some f ∈ H2DP (D) then ΘPf = 0, or equivalently, Θ
∗
PΘPf = 0. Therefore,
∆2Pf = f,
and hence
∆P (ranX
∗) ⊆ H2DP (D).
Also by
XMeit |∆PL2DP (T)
=Meit |∆PL2DP (T)
X,
we conclude that ∆P (ranX∗) ⊆ H
2
DP
(D) is a Meit |∆PL2DP (T)
-reducing subspace. Consequently,
∆P (ranX
∗) = {0}.
Since X ∈ B(∆PL2DP (T)), we have X = 0, which completes the proof.
From the previous proposition we readily obtain the desired uniqueness of U˜ in (NF-AY).
Corollary 5.5. Let (S, P ) be a c.n.u. Γ-contraction on a Hilbert spaceH. Then the operator
U ∈ B(∆PL
2
DP
(T)) in the representation of S in (NF-AY) is unique.
Proof. Let
PQP ((A+ A
∗Mz)⊕ U)|QP = PQP ((A+ A
∗Mz)⊕ U˜)|QP ,
where (U˜ ,Meit |∆PL2DP (T)
) is a Γ-unitary and A˜ ∈ B(DP ∗), w(A˜) ≤ 1 and U˜ ∈ B(∆PL
2
DP
(T)).
Then
PQP [0⊕ (U − U˜)]|QP = 0.
By Proposition 5.4 with X = (U − U˜)∗, we have
U = U˜ .
This completes the proof.
Combining the above corollary with Theorems 4.2 and 5.3, we obtain the unique represen-
tation of a c.n.u. Γ-contraction (S, P ) in the model space QP .
Theorem 5.6. Let (S, P ) be a c.n.u. Γ-contraction on a Hilbert space H. Then the repre-
senting operators A and U in (NF-AY) are unique. That is, if
S ∼= PQP ((A˜+ A˜
∗Mz)⊕ U˜)|QP ,
where (U˜ ,Meit |∆PL2DP (T)
) is a Γ-unitary and A˜ ∈ B(DP ∗), w(A˜) ≤ 1 and U˜ ∈ B(∆PL2DP (T)).
Then A ∼= A˜ and U ∼= U˜ . Moreover,
((A+ A∗Mz)⊕ U,Mz ⊕Meit |∆PL2DP (T)
),
is the minimal isometric dilation of the Γ-contraction (S, P ).
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Therefore, a c.n.u. Γ-contraction (S, P ) on H is uniquely determined by ΘP (and hence by
QP ) and the representing operators A and U .
6. A Characterization of Γ-contractions
Let (s, p) ∈ C2. Then (s, p) is in the symmetrized bidisc Γ if and only if |p| ≤ 1 and that
s = β + pβ¯,
for some β ∈ C such that |β| ≤ 1 (see [3]). In this section we generalize the scalar character-
ization of elements in Γ to the class of Γ-contractions on Hilbert spaces.
We begin by recalling the Schaffer isometric dilation of a contraction P on H. In this case,
the dilation space is defined by KP := H⊕H
2
DP
(D). Let
VP =
[
P 0
DP Mz
]
,
where DP : H → H
2
DP
(D) is the constant function defined by
(DPh)(z) = DPh,
for all h ∈ H and z ∈ D. That is,
VP (h⊕ f) = Ph⊕ (DPh +Mzf),
for all h⊕ f ∈ KP . Then VP is an isometry and the map
ΠSc : H → KP = H⊕H
2
DP
(D),
defined by
ΠSch = h⊕ 0,
for all h ∈ H, satisfies
ΠScP
∗ = V ∗PΠSc.
The isometric dilation ΠSc is known as the Schaffer dilation of the contraction P .
The following result summarizes Theorems 4.2, 4.3 and 4.4 in [11]. For completeness and
the reader’s convenience, we supply a proof. Moreover, our view is slightly different and the
proof is considerably short and simple.
Theorem 6.1. Let (S, P ) be a Γ-contraction. Then the Schaffer dilation of P satisfies
ΠScS
∗ = W ∗AΠSc,
for some Γ-isometry (WA, VP ) which is uniquely determined by the operator A ∈ B(DP ) such
that S−S∗P = DPADP and w(A) ≤ 1. Conversely, let (S, P ) be a commuting tuple where P
is a contraction and ‖S‖ ≤ 2 and S − S∗P = DPADP for some A ∈ B(DP ) with w(A) ≤ 1.
Then (S, P ) is a Γ-contraction.
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Proof. Let (S, P ) be a Γ-contraction. First, we assume that (S, P ) is c.n.u. Therefore P is
a c.n.u. contraction and by the factorization of dilations, Theorem 4.1, we have an isometry
Φ : HP → KP such that
ΠSc = ΦΠNF .
The Schaffer dilation ΠSc is minimal means that Φ is unitary. Then
(W,V ) := (Φ((A + A∗Mz)⊕ U)Φ
∗,Φ(Mz ⊕Meit |∆PL2DP (T)
)Φ∗),
is a Γ-isometry on KP and
ΠScP
∗ = V ∗ΠSc, and ΠScS
∗ =W ∗ΠSc.
Finally, by taking the orthogonal direct sum of the unitary part with the c.n.u. part, it follows
that ΠSc is the minimal isometric dilation of the Γ-contraction (S, P ). By the uniqueness of
the Schaffer dilation of contractions we therefore identify that V with VP .
Next we will show that
(6.1) W =
[
S 0
A∗DP A + A
∗Mz
]
,
for some A ∈ B(DP ∗) with w(A) ≤ 1. To see this, assume
W =
[
S 0
W3 W4
]
,
and compute
W ∗VP =
[
S∗P +W ∗3DP W
∗
3Mz
W ∗4DP W
∗
4Mz
]
.
Since (W,VP ) is a Γ-isometry, we have W
∗VP = W and so
(6.2)
[
S∗P +W ∗3DP W
∗
3Mz
W ∗4DP W
∗
4Mz
]
=
[
S 0
W3 W4
]
.
By W ∗4Mz = W4 and that ‖W4‖ ≤ 2 we have
W4 = A+ A
∗Mz ,
for some A ∈ B(DP ) and w(A) ≤ 1. Also
W3 =W
∗
4DP = (A+ A
∗Mz)
∗DP = A
∗DP ,
which yields the desired representation of W . In the above equality we used the fact that
(AM∗zDPh)(z) =M
∗
zDPh = 0,
and
(A∗DPh)(z) = A
∗DPh,
for all h ∈ H and z ∈ D.
Now we will show that A is uniquely determined by (S, P ). For that, equating the (1, 1)-th
entries in (6.2) we have
S∗P +W ∗3DP = S.
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Hence
S − S∗P =W ∗3DP ∗ = DPADP ,
and that A is uniquely determined by (S, P ).
Therefore, if (S, P ) is a Γ-contraction on H then there exists a unique A ∈ B(DP ∗) with
w(A) ≤ 1 and S − S∗P = DPADP such that ΠSc : H → K satisfies
ΠScS
∗ = W ∗AΠSc,
where WA is the operator matrix in (6.1).
On the other hand, given a commuting tuple (S, P ) on H, where P is a contraction and
‖S‖ ≤ 2 and S − S∗P = DPADP for some B ∈ B(DP ∗) (and hence, unique) the Schaffer
dilation of P satisfies
ΠScS
∗ = W ∗AΠSc,
where WA is the operator matrix in (6.1). Moreover, by the given conditions, it is easy
to check that W ∗AVP = WA. Since ‖WA‖ = r(WA) ≤ 2, (see page 598 in [11]) we obtain
that (WA, VP ) is a Γ-isometry, that is, ΠSc is a Γ-isometric dilation of (S, P ). Here we are
using the fact that if W on H commutes with an isometry V and W ∗V = W then W is a
hyponormal operator and that r(W ) = ‖W‖ (see Theorem 1 in [23]). Consequently, (S, P ) is
a Γ-contraction. This completes the proof.
Let us remark that the equality S − S∗P = DPADP of a Γ-contraction (S, P ) also fol-
lows by applying Corollary 4.3 and Theorem 5.1 and the Wold decomposition theorem of
Γ-contractions to the Γ-contraction (S∗, P ∗).
Let (S, P ) be a Γ-unitary. Since the only way to obtain a Γ-unitary is to symmetrize a
pair of commuting unitary operators, say U and U1, we let S = U + U1 and P = UU1.
Then U1 = U
∗P and hence S = U + U∗P . Therefore, a Γ-unitary can be represented by
(U1 + U
∗
1U, U) for some commuting unitary operators U1 and U (see Theorem 2.5 in [11]).
Let E be a Hilbert space and U be a unitary operator on some Hilbert space K and Q be
a (Mz ⊕ U)
∗-invariant subspace of H2E(D)⊕K. A bounded linear operator X on Q is said to
be compressed scalar if
X = PQ(A⊕ U1)|Q,
for some A ∈ B(E) and a unitary U1 ∈ B(K) such that UU1 = U1U . Given a compressed
scalar operator X = PQ(A ⊕ U1)|Q on Q, the decompressed numerical radius of X , denoted
by wQ(X), is defined by w(A), the numerical radius of the symbol operator A.
The realization of Γ-unitary along with the Γ-isometric dilation theorem, Theorem 5.6, and
Theorem 6.1 enables us to prove the following characterization of Γ-contractions. Here, and
in what follows, if P on H is a c.n.u. contraction then we will assume that H = QP , the
Nagy-Foias quotient space.
Theorem 6.2. Let P be a c.n.u. contraction and S ∈ B(QP ) commutes with P and ‖S‖ ≤ 2.
Then (S, P ) is a Γ-contraction on QP if and only if
S = X + PX∗,
for some compressed scalar operator X ∈ B(QP ) with wQP (X) ≤ 1.
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Proof. Let (S, P ) be a c.n.u. Γ-contraction and let
((A+ A∗Mz)⊕ (U1 + U
∗
1U),Mz ⊕ U)
on HP be the Γ-isometric dilation of (S, P ) (see Theorem 5.6), where U =Meit |∆PL2DP (T)
and
w(A) ≤ 1. Now
(A+ A∗Mz)⊕ (U1 + U
∗
1U) = (A⊕ U1) + (A
∗Mz ⊕ U
∗
1U)
= (A⊕ U1) + (Mz ⊕ U)(A⊕ U1)
∗.
Identifying (S, P ) with
(PQP ((A+ A
∗Mz)⊕ (U1 + U
∗
1U))|QP ,PQP (Mz ⊕ U)|QP ),
on the quotient space QP , we have
S∗ = ((A+ A∗Mz)⊕ (U1 + U
∗
1U))
∗|QP
= ((A⊕ U1)
∗ + (A⊕ U1)(Mz ⊕ U)
∗)|QP
= PQP (A⊕ U1)
∗|QP + PQP (A⊕ U1)PQP (Mz ⊕ U)
∗|QP
= PQP (A⊕ U1)
∗|QP + PQP (A⊕ U1)|QPPQP (Mz ⊕ U)
∗|QP
= X∗ +XP ∗,
that is,
S = X + PX∗,
where
X := PQP (A⊕ U1)|QP ∈ B(QP ),
is the compressed scalar operator. Finally, since w(A) ≤ 1, the decompressed numerical
radius of X is not greater than one.
For the converse part, let
S = X + PX∗,
for some compressed scalar operator X = PQP (A ⊕ U1)|QP ∈ B(QP ) with w(A) ≤ 1. Then
we calculate
S∗ − SP ∗ = (X + PX∗)∗ − (X + PX∗)P ∗
= X∗ +XP ∗ − (XP ∗ + PX∗P ∗)
= X∗ − PX∗P ∗.
On the other hand, since
A⊕ U1 = (IH2(D) ⊗A)⊕ U1
= ((PC +MzM
∗
z )⊗ A)⊕ U1
= ((PC ⊗ A)⊕ 0) + ((Mz ⊗ IDP∗ )⊕ U)((IH2(D) ⊗ A)⊕ U1)((Mz ⊗ IDP∗ )⊕ U)
∗,
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and
PQP [((Mz ⊗ IDP∗ )⊕ U)((IH2(D) ⊗A)⊕ U1)((Mz ⊗ IDP∗ )⊕ U)
∗]|QP
= PQP ((Mz ⊗ IDP∗ )⊕ U)(PQ⊥P + PQP )((IH2(D) ⊗A)⊕ U1)PQP ((Mz ⊗ IDP∗)⊕ U)
∗]|QP
= PQP ((Mz ⊗ IDP∗ )⊕ U)PQP ((IH2(D) ⊗A)⊕ U1)PQP ((Mz ⊗ IDP∗)⊕ U)
∗]|QP
= [PQP ((Mz ⊗ IDP∗ )⊕ U)]|QP [PQP ((IH2(D) ⊗A)⊕ U1)|QP ][PQP ((Mz ⊗ IDP∗ )⊕ U)
∗]|QP
= P [PQP (A⊕ U1)|QP ]P
∗,
we have
PQP (A⊕ U1)|QP = PQP ((IH2(D) ⊗A)⊕ U1)|QP
= PQP (PC ⊗ A)|QP + P [PQP (A⊕ U1)PQP ]P
∗.
The last equality shows that
X = PQP (PC ⊗A)|QP + PXP
∗,
and hence
X∗ − PX∗P ∗ = PQP (PC ⊗ A
∗)|QP .
It now follows that
S∗ − SP ∗ = PQP (PC ⊗ A
∗)|QP .
In view of Theorems 5.1 and 6.1, we conclude that (S, P ) is a Γ-contraction. This completes
the proof of the theorem.
Let (S, P ) be a Γ-contraction. Then by the Wold decomposition theorem of Γ-contractions
(see the paragraph after Theorem 2.2 or Theorem 2.8 in [7]) the tuple can be decomposed as
the direct sum of a c.n.u. Γ-contraction and a Γ-unitary on the Wold decomposition space of
the contraction P . Consequently, the above characterization is valid for any Γ-contraction on
the Wold decomposition space of the contraction where the operator X is the direct sum of
a compressed scalar operator with the decompressed numerical radius not greater than one
with a unitary operator. For C.0 case, the necessary part of the above result was obtained in
[11] in a different point of view.
Our next theorem concerns the uniqueness of the compressed scalar operators of the rep-
resentations of Γ-contractions in Theorem 6.2.
Theorem 6.3. Let (S, P ) be a c.n.u. Γ-contraction on QP . Then there exists a unique
compressed scalar operator X with wQP (X) ≤ 1 such that
S = X + PX∗.
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Proof. The representation S = X + PX∗ for some compressed scalar X = PQP (A ⊕ U1)|QP
follows from Theorem 6.2. For the remaining part, we calculate
S = X + PX∗
= PQP (A⊕ U1)|QP + PQP (Mz ⊕ U)PQP (A⊕ U1)
∗|QP
= PQP (A⊕ U1)|QP + PQP (Mz ⊕ U)(I − PQP⊥)(A⊕ U1)
∗|QP
= PQP (A⊕ U1)|QP + PQP (Mz ⊕ U)(A⊕ U1)
∗|QP
= PQP [(A⊕ U1) + (A⊕ U1)
∗(Mz ⊕ U)]|QP
= PQP [(A+ A
∗Mz)⊕ (U1 + U
∗
1U)]|QP ,
where U =Meit |∆PL2DP (T)
. Consequently,
((A+ A∗Mz)⊕ (U1 + U
∗
1U),Mz ⊕ U)
is a Γ-isometric dilation of (S, P ) and hence the result follows from the uniqueness part of
the Γ-isometric dilation of Theorem 5.6.
7. Concluding Remarks
(I) Γ-contractive Hilbert modules:
Let {T1, T2} be a pair of commuting operators in B(H). Then H is a Hilbert module (see
[13]) over C[z1, z2] where
p · h = p(T1, T2)h,
for all p ∈ C[z1, z2] and h ∈ H. A Hilbert module H over C[z1, z2] is said to be Γ-contractive
Hilbert module if the ordered pair (T1, T2) is a Γ-contraction.
Examples of Γ-contractive Hilbert modules are :
(i) Γ-isometries,
(ii) Γ-unitaries,
(iii) direct sum of (i) and (ii).
Finally, by Theorem 2.3,
(iv) a Γ-contractive Hilbert module can be realized as a compression of any one of (i), (ii)
or (iii) to a joint co-invariant subspace.
Now we turn to the class of pure Γ-isometries. Given a pure Γ-isometry (A + A∗Mz,Mz)
on H2E∗(D) for some A ∈ B(E∗) with w(A) ≤ 1, we say that H
2
E∗
(D) is a Γ-isometric Hardy
module with symbol A, where
p · h = p(A+ A∗Mz,Mz)h,
for all p ∈ C[z1, z2] and h ∈ H. Let H
2
E∗
(D) be a Γ-isometric Hardy module with symbol A
and S be a closed subspace of H2E∗(D). Then S is said to be a submodule of the Γ-isometric
Hardy module H2E∗(D) if S is invariant under A+ A
∗Mz and Mz.
Here we will present our Beurling-Lax-Halmos type theorem (Theorem 3.3) in the Hilbert
modules language.
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Theorem 7.1. Let S 6= {0} be a closed subspace of H2E∗(D). Then S is a submodule of the
Γ-isometric Hardy module H2E∗(D) with symbol A if and only if there exists a Γ-isometric
Hardy module H2E(D) with a symbol B on E and an isometric module map
U : H2E(D) −→ H
2
E∗
(D),
such that S = UH2E(D). Moreover, when such a Γ-isometric Hardy module exists it is unique
(up to unitary equivalence).
One consequence of the Beurling-Lax-Halmos theorem is that a non-zero submodule of
the Hardy module H2E∗(D) is unitarily equivalent to H
2
E(D) for some Hilbert space E . This
phenomenon is no longer true in general when one consider the Hardy modules over the unit
ball or the unit polydisc in Cn, n ≥ 2. However, a non-zero submodule of a Γ-isometric Hardy
module is unitarily equivalent to a Γ-isometric Hardy module.
Corollary 7.2. A non-zero submodule of a Γ-isometric Hardy module is isometrically iso-
morphic with a Γ-isometric Hardy module.
Let S = MΘH
2
E(D) be a Mz-invariant subspace of H
2
E∗
(D) for some inner multiplier Θ ∈
H∞
B(E,E∗)
(D) and that S be invariant under the multiplication operatorMp where p is a B(E∗, E)-
valued analytic polynomial. Then
pΘ = ΘΨ,
for some unique Ψ ∈ H∞
B(E∗,E)
(D).
Problem: What is the representation of the unique multiplier Ψ? Under what conditions that
Ψ will be a polynomial, or a polynomial of the same degree of p?
Theorem 3.4 implies that the question has a complete answer when
p(z) = A + A∗z.
One possible approach to solve this problem is to consider first the finite dimension case, that
is, E∗ = C
m for m > 1.
Also one can formulate the above problem in the Hilbert modules point of view. In this
case, an isometric module map may yield a natural candidate for Ψ. At present, we do not
have any positive result along that line.
(II) Complete unitary invariants:
We now turn to the task of determining a complete set of unitary invariants of the class of
c.n.u. Γ-contraction.
Let (S1, P1) on H1 and (S2, P2) on H2 be a pair of Γ-contractions. We consider the rep-
resentation of (Si, Pi) in QPi . Then by Theorem 6.3, there exists unique compressed scalar
operators Xi ∈ B(QPi) with wQPi (X), i = 1, 2, such that
Si = Xi + PiX
∗
i . (i = 1, 2)
Furthermore, recall that (see the proof of Theorem 6.2)
S∗i − SiP
∗
i = X
∗
i = PQPi (A
∗
i ⊕ U
∗
i )|QPi ∈ B(QP ).
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We are now ready to prove that (X,P ) is a complete set of unitary invariants for the class of
c.n.u. contractions (S, P ) = (X + PX∗, P ), realized in the model space QP .
Theorem 7.3. (X,P ) is a complete set of unitary invariants for the class of c.n.u. Γ con-
tractions. That is, for (Si, Pi) on QPi, a pair of c.n.u. Γ-contractions on the model space
QPi, (S1, P1)
∼= (S2, P2) if and only if
(X1, P1) ∼= (X2, P2).
Proof. Let (X1, P1) ∼= (X2, P2), that is,
X2 = τX1τ
∗, and P2 = τP1τ
∗,
for some unitary operator τ ∈ B(QP1 ,QP2). Then
S2 = X2 + P2X
∗
2 = τ (X1 + P1X
∗
1 )τ
∗,
and hence
(S1, P1) ∼= (S2, P2).
Conversely, let
S2 = ηS1η
∗ and P2 = ηP1η
∗,
for some unitary operator η ∈ B(QP1 ,QP2). Then
X∗2 = S
∗
2 − S2P
∗
2 = η(S
∗
1 − S1P
∗
1 )η
∗ = ηX∗1η
∗,
that is, (X1, P1) ∼= (X2, P2).
(III) Solving the commutant lifting theorem:
The commutant lifting theorem was first proved by D. Sarason [22] and then in complete
generality by Sz.-Nagy and Foias (see [18] and [19]). Since then, it has been identified as one
of the most useful results in operator theory. Here we recall a special case of the commutant
lifting theorem. Let P be a c.n.u. contraction on H. Let X commutes with P . First, we
identify P with the compression of the multiplication operator on the Sz.-Nagy and Foias
model space QP . Next, we consider the representation of X on QP , which we again denote
by X . Then the commutant lifting theorem implies the following commutative diagram
QP
X
X˜
QP
HPHP
❄❄
✲
✲
PQP PQP
where X˜ commutes with the multiplication operator on HP and ‖X‖ = ‖X˜‖. It is usually
a difficult problem to find a solution X˜ to a given X in the commutator of P . One way to
explain one of our main results, namely, Theorem 5.6 is that if S commutes with a given
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c.n.u. contraction and if Γ is a spectral set of (S, P ) (that is, (S, P ) is a Γ-contraction) then
the solution to the commutant lifting theorem is unique and explicit.
Therefore the results of this paper along with the seminal work of Agler and Young ([3]
- [8]) is an evidence of solving the commutant lifting theorem uniquely and explicitly for a
class of commutators of a contraction.
Another possible approach to obtain some of the results of this paper is to develop an
independent proof of the characterization result, Theorem 6.2. Here, however, we do not
pursue this direction. Also we believe that our methods will be applicable not only to other
studies, but also demonstrate one way to set up and solve the commutant lifting theorem in
a more general framework.
Finally, following the work of Sz.-Nagy and Foias and by virtue of our results, one can
develop a H∞-functional calculus on {(z1 + z2, z1z2) : |z1|, |z2| < 1} of a c.n.u. Γ-contraction.
Moreover, a study of invariant subspaces of Γ-contractions can be carried out. This will be
considered in future work.
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